Circular 3-linkages in a hexagon.
Problem with a solution proposed by Arkady Alt , San Jose , California, USA.
Let a; is number of rings on the rod at the vertices i = 1,2,...,6 of a regular
hexagon. Find the greatest value of 3 —rings chains constructed from rings
taken by one from any 3 neighboring rods.
Solution.
Let x1,x2,...,xs5,x6 iS number of 3 —chains, constructed from rings taken by
one from rods at pair of vertices (1,2),(2,3),...,(5,6),(6,1) respectively.
Then we should find Cs(a,a»,...,as) which denote the greatest value of sum
X1 + x2 +...+x¢ if nonnegative integer numbers x,x2,...,xs5,x6
satisfy to inequalities

Xe+X1+x2 < a
(1) Xiol +Xi + X1 < ai,i = 2,3,4.

X5+ X6+ X1 < ds
Let s = X1+ X2 +...+Xe, 1 = X+ X1 +X2,1; = Xi—1 +X; +Xi+1,le = X5 +Xg + X1 then

t1+ts =1t)+1t5 =13+ 1
(2) .
t; <aji=1,2,..,6.

and ity +ty =t +ts =13+t =Ss.
Sincexz =1 —X6—X1,X5 =l¢—X6—X1,X3 =Ir—X1—X2=1lr—Xx1—1 +

X6 +X1 =1)—1t1 +X6, X4 = 15—X5—Xg =15—1leg+Xe+X]1—Xg = 15— 1le+ X1
and x,x3,x4,x5 > 0 we have

X6 + X1 Smin{tl,t6} t1 —t2 < Xx¢ Smin{tl,t6}—x1
< te — 15 < X1 — te — 15 < X1 =
1 — 1t < X6 t1 —ty < min{ty,tep — X1
( fe—1ts < x1 < mindt,ley — 11+ 1> te+11 —t2 —ts < min{ty, 16}
< te —ts < min{ti,te} —t1 + 12 = te —ts < x1 < min{ty,tey —t1 + 12
t1 — 12 < X¢ < min{ty, %6} — X1 t1 —tr < x¢ < mindty,t6} — X1

Since 1y +1ts = 11 + ts = t3 + 16 Yields max{ri,t6} < t2 +1t5s & te+t1 —min{ti,te )y < tr + 15
then
) X6 +x1 < min{ty,t6}
te—t5 < x1 < mln{l‘l,l‘e} -1+
) . = te —1s < xi
t—1t <x¢ < mm{tl,t6} - X1

1 —1 < X6

for any nonnegative integer numbers ¢1,1,, 13,14, 15,16 Satisfying (2).

Therefore, integer numbers x1,x2,x3,x4,x5,x6 Where x1,x¢ satisfy (3) and x; = 1 — x¢ — x1,

X3 =1 — 1 + X6,X4 = ts — ls + X1, X5 = I — X6 — X1 @re nonnegative solutions of the system



X6 +X1+X2 =1
(3) Xicl +Xi+ Xip1 = ti,1 = 2,3,4 .
X5+ X6+ X1 = I

Thus, original problem equivalent to finding greatest value of parameter s for which
solvable the system

M +tsg =1t +1t5s =13+l =S5
(4) ,
0<t<a;i=12,..,6.
Sincetiys =s—t,i=1,23thens—t; < a3 & s—ai3 <t;,i =1,2,3and

max{0,s —as} <11 < a;

INA

max{0,s —ap3} < t; < a;,i =1,2,3
max{0,s —as}y < t2 < a» " _l l
(4)<:> <~ tiz =s—t,i =1,2,3
max<{0,s —as} < t3 < a3

) s—apsz < a;,i=1,2,3
ti+3:S_ti’l:17273 l l
Hence, system (4) is solvable iff
s<ai+aus,i=1,23 < s <min{a; +as,a; + as,as + aey

and, therefore, C3(a1,a2,...,a6) = maxs = min{a1 +aq,ay +as,as +a6}.



